We investigate confinement-induced resonances in a system composed by a tightly trapped ion and a moving atom in a waveguide. We determine the conditions for the appearance of such resonances in a broad region -from the "long-wavelength" limit to the opposite case when the typical length scale of the atom-ion polarisation potential essentially exceeds the transverse waveguide width. We find considerable dependence of the resonance position on the atomic mass which, however, disappears in the "long-wavelength and zero-energy" limit, where the known result for the confined atom-atom scattering is reproduced. We also derive an analytic and a semi-analytic formula for the resonance position in the "long-wavelength and zero-energy" limit and we investigate numerically how the position of the resonance is affected by a finite atomic colliding energy. Our results, which can be investigated experimentally in the near future, could be used to determine the atom-ion scattering length, the temperature of the atomic ensemble in the presence of an ion impurity, and to control the atom-phonon coupling in a linear ion crystal in interaction with a quasi one dimensional atomic quantum gas.
I. INTRODUCTION
The interest in combining in the laboratory ultracold atoms and ions is increased considerably in the last few years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Their combination defines indeed a new quantum system characterised by an interaction with different energy and length scales with respect to ultracold atoms, which allows to study the formation of molecular ions [13, 14] , polarons [15] , density bubbles [16] , mesoscopic entanglement [17, 18] , novel ground state properties [19] and collective excitations [20] , and quantum information processing [21] [22] [23] . Further, the interaction of the atoms with the phonons of an ion crystal may serve to investigate solid-state phenomena [24] .
Most of these fascinating theoretical proposals, however, assume that the atom-ion scattering length can be tuned in order to accomplish the desired goal. Moreover, since the atom-phonon coupling along the symmetry axis of a linear ion chain interacting with a surrounding quantum gas is very weak [24] , the investigation of condensedmatter phenomena like Cooper-pairing in finite-size systems of reduced dimensionality is prevented, but control over the atom-ion scattering length would help.
Up to now, the atom-ion scattering length has been not yet experimentally measured, since the onset of s-wave scattering requires very low temperatures (e.g., for Yb + and Li the required atom-ion collision energy is about 10 k B × µK). Thus, it is of paramount importance to provide viable strategies to measure such scattering properties. Here we investigate the conditions for the appearance * melezhik@theor.jinr.ru † anegrett@physnet.uni-hamburg.de of confinement-induced resonances (CIRs), which occur because of the tight confinement in one or two spatial dimensions, in atom-ion collisions confined by a waveguidelike atomic trap, as illustrated in Fig. 1 . Apart from its own interest, CIRs in such combined system could provide an alternative method to experimentally measure the three-dimensional atom-ion scattering length, the temperature of the quantum gas in the presence of an ion impurity as well as a way to enhance the atomphonon coupling in a quasi-one dimensional setting, enabling therefore the exploration of phonon-mediated interactions between atoms. Contrary to the atom-atom scenario, as we shall show, in atom-ion systems the ratio between the interaction range and the width of the waveguide can be varied over a broader region allowing, for instance, to observe an isotope-like effect in the CIR position. In the present study, however, we consider the scenario for which the ion is tightly confined (i.e, in traps with frequencies ω 2π 100 kHz), such that its motion can be discarded. Apart from simplifying the scattering problem, we underscore that such condition can be fulfilled in current experiments (e.g., with optical traps [25] or Paul traps, where frequencies can even reach the MHz range [26] ). Let us note that CIRs in atomic systems have attracted great interest, as they can be used to control the atom-atom interaction [27] [28] [29] , e.g., for realising the so-called Tonks-Girardeau gas [30, 31] and the excited many-body phase known as the super-Tonks-Girardeau gas [32] . Finally, theoretical investigations on atom-ion collisions have been carried out since long time now [33] [34] [35] [36] [37] [38] [39] ), and, in particular, quantum defect theory has been proven to be a powerful tool for their description in the ultracold regime [35] [36] [37] [38] , but the conditions for the appearance of CIRs were not yet considered. The paper is structured as follows: In Sec. II we describe the physical problem we are interested in by providing the system Hamiltonian, the relevant energy and length scales of the problem, and important details of the procedure we employed in order to determine the scattering amplitudes. In Sec. III we briefly describe the known results of CIRs in ultracold atom-atom collisions. This will help the understanding of the energy-dependent pseudopotential method we shall employ in the atomion scenario in the "long-wavelength" limit (LWL). In Sec. IV we investigate CIRs in atom-ion systems in the LWL limit and beyond. In Sec. V we shall have a general discussion on our findings, especially with respect to current experimental limitations as micromotion and finite temperature. Finally, in Sec. VI we shall draw our conclusions and provide an outlook.
II. PROBLEM FORMULATION
Let us consider an atom of mass m A experiencing the external harmonic potential m A ω 2 ⊥ (x 2 A + y 2 A )/2 and an ion of mass m I in the harmonic trap m I ω 2 |r I | 2 /2. The quantum dynamics of this combined system is described by the following Hamiltonian
where the terms indicated by the indexes A and I describe the atomic and ionic parts of the Hamiltonian correspondingly, and r A ≡ (x A , y A , z A ) and r I ≡ (x I , y I , z I ) are the atomic and ionic coordinates. The interaction between the two particles is described by the long-range potential
as |r A − r I | → ∞. Here C 4 = α p e 2 /(8πǫ 0 ) with α p being the static dipolar polarisability of the atom, e the electron charge, and ǫ 0 the vacuum permittivity. Note that the distance at which the atom-ion interaction starts to deviate from Eq. (2) is typically given by the size of the atom-ion complex core (a few tens of Bohr radii), which is much smaller than any length scale in our scattering problem. Furthermore, the interaction (2) is characterised by the length scale R * = √ 2µC 4 / and by the
, where µ denotes the reduced mass.
Hereafter we neglect the kinetic energy operator − 2 /(2m I )∇ 2 I for the ion, as the ion is assumed to be strongly confined. This assumption is even more well justified when m I ≫ m A , like for the atom-ion pair LiYb + . Assuming that the (static) ion is located at r I = 0, the Schrödinger equation for the atom is given by
with the boundary condition for z → ±∞
whereas in the transverse direction the atomic wavefunction is assumed to be in the ground state ϕ 0 (ρ) of the two-dimensional (2D) harmonic oscillator. Here f ± denote the scattering amplitudes at z → ±∞, the lengths are given in R * units, m A in units of µ, ω ⊥ in units of
/(µω ⊥ ) the width of the transverse harmonic trap, and r ≡ (x, y, z), r = |r|, ρ = (x, y). Besides, the detalyze atom-ion interaction C 12 /r 12 − C 4 /r 4 gives the correct decay of the interaction for r → ∞, whose effective range is on the order of R * , and a realistic number of bound states. Hence, the three-dimensional scattering problem for the atom with a fixed scattering centre given by the atom-ion polarisation potential is reduced to the integration of the two-dimensional Schrödinger equation (3) at a fixed total energy E = E + ω ⊥ and subsequent extraction of f ± (k, a ⊥ , a 3D ) at the fixed longitudinal wave number k = m A E / by comparing (i.e., fitting) the numerically obtained solution of Eq. (3) at |z| → ∞ with the asymptotic wavefunction given by Eq. (4) . Here the wave number k is defined by the longitudinal colliding energy E = E − ω ⊥ , where ω ⊥ is the ground state energy of the 2D harmonic oscillator. To this end, we employ the computational scheme described in Ref. [40] , which has been successfully applied to the atom-atom [41] [42] [43] as well as to the dipole-dipole confined scattering [44, 45] .
III. ATOM-ATOM CONFINEMENT-INDUCED RESONANCES
Let us briefly recall the main results of the confined atom-atom scattering in the LWL, i.e., E ≪ 2 /[2µ(r * ) 2 ] [46] , obtained within the pseudopotential approximation, as they will be useful when we shall discuss our findings in the atom-ion setting in that limit (i.e., R * ≪ a ⊥ ). In Refs. [47, 48] the position of the CIR was defined as the pole of the quasi-1D coupling constant
Here a 3D = − lim k→0 f 0 (k) is the 3D s-wave (atomatom) scattering length in free-space, which is defined by the zero-energy limit of the s-wave scattering amplitude f 0 (k) with ζ(x) being the Hurvitz Zeta function. Note that in this limit we have [42, 43, 49] , that is, we have total reflection of the colliding particles. Moreover, the condition (5) defining the appearance of CIR does not have any reliance on the atomic mass. In a series of works [42, 43, 49] , the condition (5) was confirmed by numerically computing the poles of the coupling constant g 1D (k, a ⊥ /a 3D ) at k → 0. Interestingly, it was recently shown that Eq. (5) is still applicable for CIRs of the confined dipole-dipole scattering in the week dipole-dipole interaction limit and k → 0 [44] , whose interaction scales as 1/r 3 , which decays even slower than the atom-ion interaction (2) . However, in the first fully numerical analysis reported in Ref. [50] of the confined atom-atom scattering near the CIR at a small, but fixed, wave number k = m A E / , it was observed a difference between the numerically estimated value of a ⊥ /a 3D at the point of CIR and the analytic formula (5). The difference was not ascribable to numerical imprecision, but rather because of the non-zero colliding energy. In a subsequent study [51] , it has been showed that by using the formula (5) with the replacement a 3D → a 3D (k) in the so-called effective-range approximation [52, 53] 
the aforementioned difference can still be well described by the pseudopotential approach (R 0 is the so-called effective-range parameter). There the wave number k = √ m A E/ was defined by identifying the longitudinal atomic energy E in a waveguide with the colliding energy in free-space E, that is, E = E .
IV. ATOM-ION CONFINEMENT-INDUCED RESONANCES
In this section we shall investigate CIRs in the atom-ion scenario. We shall first consider the "longwavelength" limit, that is, R * ≪ a ⊥ , and then the case R * a ⊥ , but always under the "static ion" assumption.
A. The long-wave length limit: R * ≪ a ⊥ Given the aforementioned studies on atom-atom CIRs, especially the ones based on the energy-dependent scattering length, it seems natural also for the confined atomion scattering to look for CIRs in the region near to the point defined by Eq. (5), at least in the LWL. In the present case, however, because of the long-range character of the atom-ion interaction (2), we have to add the linear, ∼ k, and the logarithmic, ∼ ln(k)k 2 , terms in the expansion (6) . To obtain an expression analogue to Eq. (5) describing the position of the atom-ion CIR in the LWL including all the terms up to k 2 , it is needed not only to use the energy-dependent scattering length a 3D (k) on the left-hand-side of Eq. (5), but also to include the corresponding energy-dependent terms on its righthand-side. To this aim, we use the following expression for the scattering amplitude
which was derived in the LWL in Ref. [48] for the confined atom-atom scattering, but for constant a 3D . By using this expression and the effective-range approximation for the energy-dependent scattering length a 3D (k), including all the terms up to k 2 , we arrive at the following equation
Equation (8) defines the position of the CIR for the atomion confined scattering case at non-zero longitudinal energy within the "static ion" and the LWL approximations, and it is one of our main results. It follows from the effective-range expansion for a 3D (k) describing the low-energy atom-ion scattering in free-space [54, 55] that the left-hand-side of Eq. (8) can be represented by
where ψ ′ ( 3 2 ) = 0.82072... denotes the digamma function. It indicates that the CIR position depends on the atomion scattering length a 3D , the effective-range R 0 in freespace, the width of the confining trap a ⊥ , and the static dipolar polarisability of the atom α p . The reliance on the latter is due to the fact that all lengths and k-vectors in Eq. (9) are given in units of R * and R * −1 . In the numerical integration of the 2D Schrödinger equation (3) we have used Eq. (8) as a starting point in the search for atom-ion CIRs. In particular, we have followed this procedure: Firstly, for fixed E/E * ≪ 1 and ω ⊥ (i.e., fixed a ⊥ ), we have solved Eq. (3) by varying the coefficient C 12 in order to determine the position of the CIR for a certain atom-ion pair (i.e., chosen C 4 coefficient, that is, a fixed value of R * ). We note that vary the coefficient C 12 for a fixed value of E/E * and a ⊥ is equivalent to vary the three-dimensional atom-ion scattering length a 3D , which can be attained by means of magnetic Feshbach resonances (see Refs. [36, 39] for studies on such resonances in the atom-ion context). From the obtained solution ψ(r) we extract the scattering amplitude f ± (k, a ⊥ /a 3D ) by fitting the numerically obtained solution for | z |≫ 1 with the asymptotic (4). With this knowledge, the coupling constant g 1D is calculated. Once the coefficient C 12 for which g 1D has a pole is found, we solved Eq. (3) once again with that C 12 at E = E (k = m A E ) for ω ⊥ = 0, that is, in free space, such that the 3D s-wave scattering amplitude f 0 (k) is determined, and therefore a 3D (k) = −f 0 (k). Figure 2 shows the coupling constant g 1D (upper panel) as well as the transmission coefficient T (lower panel) as a function of a −1 3D calculated close to the CIR in the (almost) zeroenergy limit for R * corresponding to the pair 6 Li-171 Yb + and for three different values of ω ⊥ (i.e., a ⊥ ). In particular, it demonstrates that the numerically calculated CIR position for R * = 0.025a ⊥ ≪ a ⊥ is in good agreement with Eq. (5) (see the arrow close to the red full circles). This result shows that by looking for the CIR position one can infer the value of the atom-ion scattering length a 3D . Indeed, at the CIR position and in the zero-energy limit we estimate a 3D to be of the order 10 2 nm for the atom-ion pair 6 Li-171 Yb + for currently used atomic trap frequencies ω ⊥ = 2π × (100 − 10)kHz, which is within the range of values estimated by Tomza et al. [39] .
A more detailed analysis is given in Fig. 3 , where again the atom-ion CIR position in the zero-energy limit (k → 0) is defined by Eq. (5). Moreover, Eqs. (8) and (9) well describe the energy dependence of the calculated CIR position a ⊥ /a 3D (k) at low energies in the case R * /a ⊥ = 0.025. With increasing k, however, the calculated curve a ⊥ /a 3D (k) of the CIR begins to significantly deviate from the analytical curve (8) at E > 3 nK and from (9) at E > 5 nK. With increasing R * /a ⊥ = ω ⊥ /ω * we have found a considerable shift ∆ = ∆(R * /a ⊥ ) of the CIR position from the point defined by Eq. (8) according to:
We note that the shift ∆(R * /a ⊥ ) was not included in the formulas derived in Ref. [48] [see Eq. (7) imentally reachable values of atomic traps [9, 56] . This clearly shows that already moderate trap frequencies allow to explore a broader range of R * /a ⊥ , which is not the case for atom-atom collisions in a waveguide, where one has either to rely on Feshbach resonances or produce very tight traps.
Let us conclude this section with a few remarks. We derived formulas for the atom-ion CIR position (8) and (10) for a fixed atomic wave-number k = m A E / and numerically investigated their applicability in the region 0 ≤ E ≤ 2 ω ⊥ , namely up to the threshold for transverse atomic excitation. We note that these formulae are also applicable for atom-atom CIRs, where the inter-particle interaction is even more short-range. Moreover, the atom-atom CIRs for colliding energies in the range 0 ≤ E ≤ 6 ω ⊥ , that is, with excitations up to third transverse mode, were investigated numerically in Ref. [42] . Up until now, however, to the best of our knowledge, such corresponding analytic formulae for describing the dependence of the CIR position on the energy were not suggested. (10) at higher values of R * /a ⊥ , whereas the dashed curves correspond to Eq. (9) with the a3D and R0 extracted from the curve 1/a3D(k) calculated at the zero-energy limit in free-space, but with the parameter C12 in the atom-ion interaction (2) fixed at the CIR position.
Finally, as we already mentioned in the introduction, we argue that by means of CIRs the atom-phonon coupling can be controlled and enhanced in a quasi-1D setting, similarly to the scenario described in Ref. [24] , where electrons in a 1D solid crystal were replaced with neutral (fermionic) atoms. In that work it was shown that, while the transverse atom-phonon coupling was on the order of E * , the longitudinal coupling, namely along the ion crystal, was several order of magnitude smaller (i.e., ∼ 3 × 10 −5 E * ). As it was shown there, the atomphonon coupling is proportional to
where φ q (z) is the Bloch function of quasi-momentum q, and V ′ (z) is the derivative with respect to z of the atom-ion polarisation potential. As it has been shown later in Ref. [57] , for ion separations larger than 5R * , as in Ref. [24] , the atom-ion polarisation potential is well described by the pseudopotential with 1D energydependent scattering lengths. This implies that the atom-phonon coupling is also proportional to the quasi-1D coupling constant g 1D . Hence, if we tune g 1D near to a CIR either by means of magnetic Feshbach resonances or via accurate control of the transverse trap frequency ω ⊥ , we can indeed enhance the atom-phonon coupling up to (0.1 − 1)E * . Specifically, in order to enhance g 1D by a factor 10 4 − 10 5 we need to tune the ratio a ⊥ /a 3D from the CIR position with a precision on the order of 
FIG. 4. (Color online). (a)
The ratio a ⊥ /a3D = 1.4603 + ∆(mA/µ, R * /a ⊥ ) in the points of the CIR as a function of R * /a ⊥ calculated for different atom-ion pairs at the zeroenergy limit E /E * = 10 −6 . (b) The ratio a ⊥ /a3D(k) in the points of the CIR as a function of R * /a ⊥ calculated for different atom-ion pairs at thefinite colliding energy E /E * = 0.117, which corresponds to E /kB = 1 µK for the pair 6 
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−4 for R * /a ⊥ = 0.447 (the corresponding CIR position is at a ⊥ /a 3D ≃ 1.7424). Recently, atom-ion Feshbach resonances for the atom-ion pair Li-Yb + have been investigated [39] , where Feshbach resonances are dense at either small magnetic fields (i.e., 150 G) or at large magnetic fields (i.e., within the range ∼ 500 − 2000 G), upon the Ytterbium isotope (i.e., fermionic vs. bosonic). Since magnetic fields can be controlled with a precision of about 1 mG (see, e.g., Ref. [28, 58] ) and optical trap frequencies can be controlled with a precision of about 10 mHz, the required precision for tuning the ratio a ⊥ /a 3D close to a CIR should be experimentally attainable. We also note that eventually dressing to a Rydberg state, as recently suggested [23] , would further aid the enhancement of the longitudinal atom-phonon coupling. In this case, however, even though the dressed atom-ion potential retains the r −4 character, the pre-factors are such that the resulting potential is more long-range (on the micrometer range), and therefore a more detailed analysis of the effect on the CIR position should be undertaken.
In next section we shall investigate numerically the position of the CIR beyond the LWL, and the applicability of the semi-analytic formula (10) at high colliding energies. The latter will also provide us some indication of the reliance of the CIR position on the temperature for the atom-ion pair 6 Li-171 Yb + .
B. Beyond the long-wavelength limit: R * a ⊥
In this regime the pseudopotential approximation does not hold anymore and we have to rely on numerical simulations only. Firstly, we have investigated the CIR position at extremely low energy E /E * = 10 −6 , that is, in the zero-energy limit, by integration again the Schrödinger equation (3) with the boundary condition (4) for different values of the ratio R * /a ⊥ [59] . Interestingly, we found (see Fig. 4 ) a strong dependence of the CIR position on the ratio R * /a ⊥ and an isotope-like effect, i.e. the dependence of the CIR position on the atom mass:
The last dependence, however, disappears in the LWL, R * /a ⊥ → 0, where the result of the confined atom-atom scattering is reproduced: Independently of the atomic mass, the CIR appears when the s-wave scattering length a 3D approaches the value a ⊥ /1.4603 accordingly to Eq. (5). Figure 4 also indicates that, in current experiments, with different atom-ion pairs one can investigates CIRs in different regions of the parameter R * /a ⊥ (shadowed areas). In this regard, with respect to atom-atom CIRs, which in current experiments can be studied only in the "long wavelength" region, atom-ion CIRs show a broader range of interaction regimes, meaning that one has more flexibility in the tunability of the atom-ion interaction. Moreover, in the limit ω ⊥ → 0 (i.e., a ⊥ = /(µω ⊥ ) → ∞), which corresponds to free-space scattering, a 3D → ∞ (see Fig. 4a ), meaning that the CIR approaches the swave zero-energy resonance in free space, but the ratio a ⊥ /a 3D remains constant and equal to 1.4603. Furthermore, we note that our analysis indicates that the CIR width increases by enhancing the ratio R * /a ⊥ [see the dependence of the coupling constant g 1D on a ⊥ /a 3D presented in Fig. 2(a) ]. This finding is quite interesting, as it shows that one can enhance the atom-ion interaction via CIRs much more easily than in the LWL, resulting therefore in an easier experimental control of the interaction strength.
We have also investigated the CIR position at higher colliding energies [see Fig. 4(b) ]. Figure 4 demonstrates that a strong dependence of the CIR position on the ratio R * /a ⊥ and an isotope-like effect persist with increasing colliding energy. This means that such an effect should be observable also at finite temperature. Furthermore, we observe that the formula (10) does not hold at R * a ⊥ , where the CIR position a ⊥ /a 3D (k) at the finite energy E /E * = 0.117 begins to exceed the value a ⊥ /a 3D = 1.4603+∆(m A /µ, R * /a ⊥ ) at zero-colliding energy, which is already beyond the validity assumptions of Eq. (10) .
The reliance of the atom-ion CIR position on the atom mass crucially depends on the background s-wave atom-ion scattering length a 3D . As we already mentioned in the introduction, the scattering lengths in atomion systems have been not yet experimentally measured. Nonetheless, recent theoretical investigations [39] based on ab-initio electronic structure calculations have predicted for the Li-Yb + pair background scattering lengths on the order of 2.2R * for the singlet and 0.8R * for the triplet state, whereas R * ∼ 70 nm. Hence, such predictions are quite promising also in view of measuring atom-ion CIRs as well as in observing the aforementioned isotope-like effect. The latter requires definitely less demanding transverse trap frequencies for the atomion pair 87 Rb-138 Ba + . For instance, for a ⊥ ≃ R * the required trap frequency would be ω ⊥ = 2π 2.2 kHz, while for 23 Na-171 Yb + we have ω ⊥ = 2π 30 kHz and for the pair 6 Li-171 Yb + we have ω ⊥ = 2π 350 kHz.
V. IMPACT OF MICROMOTION-INDUCED HEATING
As we already pointed out, so far experiments did not yet reach the ultracold s-wave regime because of a funda-mental and technical issue named micromotion. Indeed, since ions have to be confined in time dependent fields, they are not simply at rest in the minimum of a static potential, but they are constantly moving in a potential landscape that can be only approximated as an effective time-independent harmonic confinement. This is particularly true for ions confined in a so-called Paul trap, where radio-frequency fields are employed to confined the ions in the transverse direction. More precisely, the situation we have in mind can be described by a trap configuration, whose static and time-dependent electric fields are given by:
Here ω is the so-called secular frequency, namely the one of the effective harmonic potential [see also Eq. (1)], q is the dimensionless Mathieu or, alternatively called, instability parameter [26] , and Ω rf the trap drive frequency. By choosing the axis of the waveguide of the colliding atom precisely as the z-axis of the Paul trap (see also Fig. 1 ) and assuming that the ion is located in the trap centre, then the effect of the radio-frequency field, and therefore of the micromotion, can be in principle eliminated. Notwithstanding, as it has been shown in Ref. [56] , when the atom is approaching the ion, the latter will be pulled from the trap centre because of the polarisation potential (2) . The displacement of the ion from the trap centre during the collision with the atom can be estimated as [56] :
and ℓ i = /(m I ω). For the atom-ion pair 6 Li-171 Yb + we have r c ≃ 2.7 nm, while for the pair 87 Rb-138 Ba + we have r c ≃ 21.6 nm. As it can be seen, the effect of the polarisation potential force exerted by the atom on the ion is weaker for the pair 6 Li-171 Yb + , as the mass ratio m A /m I is smaller. As a rough estimate of the corresponding average micromotion energy of the ion at the collisional point we have: E µm /k B = m I (ωr c ) 2 /(2k B ) ≃ 0.2 µK for the pair 6 Li-171 Yb + and E µm /k B ≃ 9.5 µK for the pair 87 Rb-138 Ba + . We note, however, that these numbers correspond to a rather extreme scenario. Indeed, the effect of the atom in the waveguide on the ion will be significantly smaller, since the ion displacement from the trap centre will occur mainly along the z-axis, where the micromotion is absent. We also note that a recent ab-initio investigation [39] predicts a ratio of elastic to inelastic scattering cross sections to be larger than 100 for the Li-Yb + pair (similar expectations hold for the Rb-Ba + pair [60] ), enabling therefore sympathetic cooling of an Ytterbium ion by Lithium atoms down to temperatures on the order of 10 nK. Given these prospects, at least for this atom-ion pair, our findings should be indeed observable in a near future both in the LWL and beyond. In order to be more quantitative, we have computed semi-classically the position of the CIR at higher energies by assuming that the confined atom can be cooled to low temperatures E A /k B = m A V 2 A /(2k B ) -about a few nK. Since the corresponding ion energy E I /k B = m I V 2 I /(2k B ) can be on the order of a few tens of µK, we can reformulate the scattering problem by changing frame of reference, where the atom is moving with velocity -V I and colliding with an ion at rest, which is essentially the model described by Eqs. (3) and (4) . Hence, the longitudinal energy is given by
By using this relation we have calculated the dependence of the position of the CIR on the ion energy (i.e., ion temperature) specifically for the atom-ion pair 6 Li-171 Yb + . Figure 5 shows that at finite colliding energies the CIR position is well distinguishable upon the transverse trap frequency. It also demonstrates that our semi-analytic formula (10) with the numerically calculated values of ∆(m A /µ, R * /a ⊥ ) (given in Fig. 4 ) is valid in a rather broad range of energies. Thus, at the right side border of Fig. 5 , that is, the black line for which ω ⊥ /(2π) = 107 kHz, Eq. (10) describes indeed the temperature dependence the CIR position with an accuracy better then one percent in the region up to E I /k B ∼ 150µK. Besides this, Figs. 5 and 3 indicate that by measuring the position of the CIR [i.e., the ratio a ⊥ /a 3D (E ) at the point where the CIR appears], the colliding energy E or the temperature of the confined atomic gas can be determined by the calculated curves a ⊥ /a 3D (E ) given in these figures. One can consider this as an alternative way for measuring the temperature of confined either ion or atom(s).
VI. CONCLUSIONS
We have investigated atom-ion CIRs in a wide range of the parameter R * /a ⊥ and for different atom-ion pairs. We have derived an analytic formula, Eq. (8), for the CIR position in the LWL, which depends on a 3D , R 0 , α p , and a ⊥ . We have also provided a semi-analytic formula, Eq. (10), valid in a wider range of R * /a ⊥ . Both results are in very good agreement with our numerical integration of the 2D Schrödinger equation (3) .
This, at first glance, specific problem about atom-ion CIRs can, however, potentially have a broad range of applications. The obtained results can be used in near future experiments for searching atom-ion CIRs with the aim of measuring the atom-ion scattering length, a yet unknown scattering parameter, and manipulating the effective atom-ion interaction in confined systems. In particular, the control of the atom-ion interaction could be exploited to control the atom-phonon coupling in a solidstate quantum simulator [24] or to investigate more exotic quantum phases in low dimensional systems. In the latter case, the frequency ω ⊥ could be tuned in such a way that simultaneously an atom-atom and an atom-ion CIR are generated and therefore a (hybrid) strongly correlated atom-atom and atom-ion system is created. Additionally, by exploiting the effect of the complete reflection of the confined atom from the ion in the CIR, one could realise a device for triggering the confined atom flow, similarly to a single atom transistor [61] .
Finally, we have qualitatively investigated the impact of the micromotion on the CIR position. We have shown that even though the ion energy is large (a few hundreds of µK) the effect of confinement-induce resonances is still discernible, upon transverse atom trap frequency. We note, however, that the impact of this particular ion motion relies on the utilised trapping technology. Indeed, optical traps are significantly less affected by this problem, although the ion lifetime is on the oder of a few ms [25] . Besides, as we already pointed out previously, recent theoretical investigations [22, 39, 56, 62] have shown that a small atom-ion mass ratio (e.g., Li-Yb + ) can indeed help in attaining the s-wave regime and in reducing the impact of the ion micromotion. Hence, our findings are quite general. Instead, it would be interesting to understand whether CIR can be further controlled via the presence of phonons in the ion trap. This issue as the full quantum mechanical analysis of the ion micromotion on the CIR position will be investigated in the near future.
